A parameter identification method and a high gain observer are proposed in order to identify the model and to recover the state of a seismically excited shear building using acceleration responses of the ground and instrumented floors levels, as well as the responses at noninstrumented floors, which are reconstructed by means of cubic spline shape functions. The identification method can be implemented online or offline and uses Linear Integral Filters, whose bandwidth must enclose the spectrum of a seismically excited building. On the other hand, the proposed state observer estimates the displacements and velocities of all the structure floors using the model estimated by the identification method. The observer allows obtaining a fast response and reducing the state estimation error, while depending on a single gain. The performance of the parameter and state estimators is verified through experiments carried out on a five-story small scale building.
Introduction
Acceleration responses of the building floor, obtained when it is excited through earthquakes or wind, are employed for parameter and state estimation of the structure or for monitoring its health. Because of cost, most of the buildings are instrumented only at a few stories. For this reason, the estimation and health monitoring of a structure must be carried out using as data only the responses of the instrumented stories.
Parameter and state estimation of civil structures using recorded responses has attracted the attention of a large number of researchers around the world during the last four decades. Some relevant references for not fully instrumented structures [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] are revised here. Amini and Hedayati [1] propose a Sparse Component Analysis approach for modal identification of structures, where the number of sensors is smaller than the number of active modes. References [2] [3] [4] [5] employ the extended Kalman filter in order to estimate the parameters of a structure, as well as its displacements and velocities at noninstrumented floors. This filter is obtained by linearizing a nonlinear state equation that considers the building parameters as states. Nevertheless, some poles of the linearized model may lie on the imaginary axis and, as a consequence, some parameter and/or states may be unbounded. On the other hand, Zhou et al. [6] recursively estimate the stiffness and damping ratios of a structure using the first two derivatives of Log-Likelihood Measure and the knowledge of the building mass. Mukhopadhyay et al. [7] develop mode shape normalization and expansion approaches that utilize the topology of the structural matrices for estimating the mass and stiffness parameters of a building under base excitation; authors obtain the global identifiability requirements for their methodology and show that, for estimating the structural parameters, the number of instrumented floors should satisfy ≥ √ and ≥ (1 + √ 4 − 3)/2 if the floor masses at sensor locations are known and if the total mass of the structure is known, respectively, where is the number of floors of the building. Yuan et al. [8] estimate the mass and stiffness matrices of shear buildings using a method depending on the first two orders of modal data. References [9] [10] [11] present OKID identification 2 Shock and Vibration techniques, which determine the Markov parameters of a Kalman observer in order to identity a building model. These techniques identify a discrete time model of the structure, but if the sampling frequency of responses is too high in relation to the dominate frequencies of the structure, then the poles of the estimated model lie close to the unit circle in the complex domain, which may produce parameter estimates statistically ill-defined [16] . Kaya el al. [12] identify a structure using the Transfer Matrix formulation of the response, where the histories at noninstrumented floors are offline reconstructed using the Mode Shape Based Estimation (MSBE) method, which assume that modal shapes can be approximated as a linear combination of the mode shapes of a shear beam and a bending beam. It is worth mentioning that using MSBE requires solving two partial differential equations and the knowledge of the modal acceleration of the instrumented floors. Hegde and Sinha [13] estimate the modal parameters of a seismically excited, torsionally coupled building using limited number of responses; modal parameters are extracted using an offline estimation methodology based on the principles of the Natural Excitation Technique and the Eigen Realization Algorithm; authors use a cubic shape function for estimating the responses at noninstrumented floors. On the other hand, [14, 15] carried out structural identification using ambient vibration measurements and offline algorithms. Huang [14] proposes a procedure for identifying the dynamics characteristics of a shear building using the multivariate ARV model, whereas Chakraverty [15] estimates mass and stiffness parameters from modal test data and the Holzer criteria.
This manuscript presents (1) an identification technique to identify the parameters of the model of a seismically excited shear building using a limited number of responses and (2) a high gain state observer that employs the identified parameter in order to estimate the displacements and velocities of both instrumented and noninstrumented floors. The parameter and state estimators rely on the acceleration measurements of ground and some instrumented floors. The acceleration at noninstrumented floors is reconstructed by means of cubic shape spline functions that use the available measurements. The state observer gain is easily designed and depends on a positive parameter that guarantees the stability and a fast response of the observer. On the other hand, the parameter estimator uses a parameterization with the following features: (1) assuming that building has Rayleigh damping; (2) containing a vector whose entries are the stiffness/mass ratios of the building, which are estimated through a Least Squares algorithm; and (3) employing Linear Integral Filters (LIF) that attenuate low and high frequency noise of the measured and reconstructed responses. The LIF were previously employed in Garrido and Concha [17] for parameter estimation of fully instrumented structures. In this manuscript, the application of these filters is extended to estimate the model of buildings instrumented at only few floor levels. Moreover, by considering Rayleigh damping for the structure, the number of parameters of the proposed parameterization is the half of the one corresponding to the parameterization in [17] . In comparison with techniques in [7] [8] [9] [10] [11] [12] [13] [14] [15] described above, the proposed parameter estimator allows attenuating low and high frequency noise of both measured and reconstructed acceleration and can be implemented online at a low computational effort.
It is worth mentioning that the cubic spline functions, employed by the proposed parameter and state estimators, are designed following the ideas in [18, 19] . Moreover, the design of these functions does not require the knowledge of the modal shapes of the structure, and they allow recursive estimation of the responses at noninstrumented floors. Techniques in [20] [21] [22] [23] [24] [25] [26] are also able to estimate the unmeasured floor level responses, but unlike the cubic spline functions they are implemented offline and require an estimated building model, which may be unavailable.
The paper has the following structure. Sections 2 and 3 present the shear building model and its parameterization, respectively. The cubic spline functions used for estimating the floor responses at noninstrumented floors are described in Section 4. Section 5 shows the methodology for estimating the building parameters. The proposed high gain observer is described in Section 6. Experiment results using the parameter and state estimators are shown in Section 7. Finally, Section 8 includes the conclusions of this paper.
Mathematical Model of a Shear Building
The dynamics of a shear building with stories subjected to earthquake or base motion is described through the following mathematical model [27] :
where variables ( ),̇( ), and̈( ) are, respectively, the displacement, velocity, and acceleration of the th floor, which are measured with respect to the basement. Signal̈( ) represents the absolute acceleration at the th floor, and ( ) is the ground acceleration produced by earthquake. Moreover, M and K are the mass and stiffness matrices, respectively, which are defined as
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The entry ( = 1, 2, . . . , ) is the column lateral stiffness between the th and ( − 1)th floors. The building has Rayleigh damping that is represented through the following matrix C:
Parameters 0 and 1 are constant, and they are computed as [27] 1 2
where V and V , V = , , are the damping ratio and natural frequency of the Vth structural mode, respectively.
Remark 1.
Computing the constants 0 and 1 in (6) requires knowledge of the parameters , , , and that corresponds to the th and th structural modes. Natural frequencies and can be extracted by means of the Fourier spectra of the building responses produced by ambient or force excitations. On the other hand, the parameters and can be obtained with any of the following techniques:
(i) Half-power bandwidth method [28] , which estimates the damping ratios using the peaks of the response Fourier spectra
(ii) Logarithmic Decrement method, which computes the damping ratios in the time domain by means of the ratio between the amplitudes of any two closely adjacent peaks of acceleration responses [29] (iii) Enhanced Frequency Domain Decomposition method that estimates the modal damping from the Singular Value plots of recorded acceleration [30] (iv) Using the recommended damping values shown in Table 11 .2.1 from [27] , which depend on the type and condition of the structure.
The state space model corresponding to the differential equation (1) is given bẏ
where I p×r and O p×r are the identity and zero matrices with size × , respectively. The output equation of the state space model depends on the absolute acceleration of the instrumented floors. Let be the number of instrumented floors, and let = 1, 2, . . . , be the th instrumented floor numbered from bottom to top of the building. Then, the output equation is given by
where Γ ∈ is the localization matrix of the accelerometers, whose entries are defined as 
Model Parameterization
Assume first that all the stories are instrumented; it means that Γ = I ; then substituting (5) into (1) yields
Equation (12) can be rewritten as
Define the following equalities:
whereu ( ) is the time derivative of u( ) and
Using equalities in (14) leads to the following expression:
In order to use only acceleration measurements and to attenuate low and high frequency measurement noise, (16) is first derived three times with respect to time, and, subsequently, the resulting expression is integrated five times over finite time intervals, thus obtaining
The superindex ( ) denotes the th time derivative of the corresponding signal; and 5 {⋅} is a Linear Integral Filter (LIF). The general definition a LIF is given by
It is important to mention that variables ( ) and ( ) can be written in the Laplace domain as
where
Remark 2. The filters H ( ), = 1, 2, 3, are band pass filters, and they are designed to encompass the frequency band of the seismically excited building and to attenuate low and high frequency measurement noise. 
Estimation of the Responses at Noninstrumented Floor Levels
In practice, most of the buildings are instrumented in only some floors; it means that not all signals̈1 ( ), . . . ,̈( ), which appear in variablesẍ ( ),ẍ a ( ), andü ( ) of parameterization (22) , are available. In order to implementẍ ( ),ẍ a ( ) andü ( ), the acceleration types at noninstrumented floors are reconstructed by means of cubic spline shape functions, which are described in this section. Consider a building with height and stories that is instrumented at its basement and at floors, as shown in Figure 1 . Moreover, let ℎ 0 = 0 and 0 ( ) =̈( ) be the height and acceleration response at the basement, respectively. Similarly, terms ℎ and ( ), = 1, 2, . . . , , are the height and absolute acceleration at the th instrumented floor, respectively, where ( ) ∈ẍ a ( ).
Leẗ(ℎ, ) be the absolute acceleration of the building at height ℎ. Using (3) yields̈(0, ) =̈( ) and̈( , ) = ( ). In addition, let ℎ * be the height of the th noninstrumented floor that is located within the subinterval Δ = ℎ +1 − ℎ delimited by two instrumented floors with heights ℎ and ℎ +1 , where ℎ +1 > ℎ . The response at this noninstrumented floor is given bÿ(ℎ * , ), or, equivalently, (ℎ * , ) =̈( ) according to definition (3) . An estimatê̈( ℎ * , ) =̂̈( ) of̈(ℎ * , ) =̈( ) is computed through the following cubic spline shape function:̈(
where ( ), ( ), ( ), and ( ) are the coefficients of the th cubic polynomial, which are computed at every sampling instant from continuity of the spline function, from responses ( ), = 0, 1, 2, . . . , , at the instrumented floors, and from the boundary conditions of the absolute acceleration of the building. These conditions assume that the building behaves as a cantilever, and they are shown in Table 1 , where superscripts , , and indicate the first, second, and third derivative with respect to the spatial variable ℎ. Appendices A and B present the cubic spline function obtained if the acceleration response at the top floor is available or not, respectively.
Once absolute acceleration̂̈( ) of the th noninstrumented floor has been obtained, it is possible to estimate its Shock and Vibration relative acceleration̂̈( ) through the expression̂̈( ) =̈( ) −̈( ). Then, the unavailable responses̈( ) and ( ) in variablesẍ ( ),ẍ a ( ) andü ( ) are replaced by their estimateŝ̈( ) and̂̈( ), respectively. From now on, variables constructed with recorded and reconstructed responses are denoted aŝẍ a ( ),̂ẍ ( ), and̂ü ( ), which are given bŷẍ
where terms ( ), ( ), and u ( ) depend on the error of the reconstructed responses and on the noise of the recorded responses.
Parameter Estimation of the Building
Substituting signalŝẍ ( ),̂ẍ ( ), and̂ü ( ) given in (28) into (22)- (24) yieldŝ(
where variableŝ( ) and̂( ) have the same structure as ( ) and ( ), respectively. However,̂( ) and̂( ) contain the termŝẍ a ( ),̂ẍ ( ), and̂ü ( ) instead ofẍ a ( ),ẍ ( ), andü ( ). On the other hand, vector ( ) depends on , a , and u . The Laplace transform of ( ) is given by
Employing (20) and (30) allows obtaining the next
where H ( ), = 1, 2, 3, were previously defined in (26) .
Expression (29) can be rewritten aŝ
where = , = 0, 1, 2, . . ., are the sampling instants of signalŝ( ) and̂( ). Omitting in (32) leads tô
In order to estimate the parameter vector in (33), the Least Squares (LS) algorithm is employed, which is defined as [31] ̂=
where P is the covariance matrix; is the number of samples of̂and̂. Note that vector̂can be computed only if matrix P exists.
On the other hand, can also be recursively identified since the responses at noninstrumented floor levels can be 6 Shock and Vibration computed at every sampling period . The recursive version of the LS, denoted as RLS, is given bŷ
where is the forgetting factor such that 0 < ≤ 1; moreover, ( ) is the output estimation error. Proof. It is given in books [31, 32] .
Proposition 3. Suppose that input signal̈( ) is persistently exciting at least of order
b = 2 − 1,
Estimation of Modal Parameters.
Once that vector̂has been estimated with the offline or the online estimation methodology, it is possible to identify the natural frequencies and modal damping factors of the building. To this end, the following matrixÂ, which is an estimate of matrix A given in (8) , is constructed:
where parameterŝ, = 1, 2, . . . , 2 − 1, are the entries of vector̂. Note that (38) is deduced from (5).
The eigenvalues of the matrixÂ in (36) are given by
where =̂̂and =̂√1 −̂2. Moreover,̂and̂, = 1, 2, . . . , , are, respectively, the estimates of the natural frequency and damping factor corresponding to the th mode of building model (1).
From (39), the following equations for computing the parameterŝand̂are obtained:
Estimation of Matrices , , and . Assume that mass
1 of the building is known; then matrixĈ and the entries of matricesM andK are given bŷ
A similar procedure can be carried out if another floor mass is known instead of 1 .
High Gain State Observer
The proposed high gain state observer employs the building model estimated by the LS method. This observer estimates the complete state of a building instrumented at only few floor levels, and it is given bẏ
wherêis an estimate of , L is the observer gain matrix, variablêẍ a is established in (28), termŷ o is the absolute acceleration estimated by the observer, matrixÂ is presented in (36), and matrixD, which is an estimate of D in (10), is defined asD
withM −1 K andM −1 C shown in (37) and (38), respectively. Define the state estimation error̃( ) as follows:
Shock and Vibration 7 Then, the state estimation error dynamics( ) is given bẏ
with
Proposition 4. Let L be the gain of the state observer defined as
(1) If satisfies 
where M is a matrix, whose columns are the eigenvectors of matrix A * . Proof. See Appendix C.
Attenuation of the State Estimation Error.
The norm ‖̂( )‖ of the state estimation error can be reduced as follows:
(i) Increase in order to decrease ‖E‖ and to obtain a fast response for the observer. Based on our experience, good results in the state estimation are obtained using a gain between /10 and , where was defined in (52).
(ii) Reduce ‖M −1 K‖ and ‖M −1 C‖, which allows decreasing ‖E‖. According to Proposition 3, the smaller the term 5 [ ] in (33) [19, 33] . These references also show that increasing the total number of instrumented floors decreases the value of ‖ a ‖.
(iv) Attenuate the measurement noise corrupting the state observer. To achieve this, vector̂ẍ a ( ) in (28) is replaced by the following filtered vector̂ẍ af ( ) in variablẽof the state observer (42):ẍ
where * is the convolution operator, and F 1 ( ) is a fourth-order low-pass Butterworth filter, whose cutoff frequency is appropriately chosen. 
Experimental Results
Figure 2 depicts a five-story small scale building with dimensions 65×55×175.5 cm, which is used during the experiments. The structure is mounted over a shake table with Parker linear motors 406T03LXR, and it is built with aluminum with exception of a column of each floor, which is made from brass. During the experiments, the structure is excited with the North-South component of the Mexico City 1985 earthquake, which is fitted in amplitude to be in agreement with the structure and shown in Figure 3 . The responses of the shake table and floors are measured through Analog Devices accelerometers, model ADXL203, placed at every floor and at the base. Moreover, the absolute position of each floors is obtained by means of Micro-Epsilon laser sensors, model optoNCDT 1302. These sensors are only used for comparing the displacements and velocities of the floors with their estimates provided by the high gain state observer. Filtering the response of the laser sensors with the filter (75 ) 2 /( + 75 ) 2 produces the nominal velocity of the building floors. Filter F 1 ( ) in (58) has a cut-off frequency of 100 Hz. The parameter identification algorithm and the state observer are implemented in Matlab-Simulink. Data acquisition is carried out through two National Instruments PCI-6221 cards, which communicate with a personal computer by means of the Simulink Desktop Real-Time toolbox. It is worth mentioning that a sampling period of 1 ms is used during the experiments.
The first two natural frequencies of the small scale building are 1 = 11.07 and 2 = 31.8 rad/s, which were obtained from frequency response experiments. It is considered that the first two modes of the structure have a damping factor of 1%, i.e., 1 = 2 = 0.01, based on experimental data and since it is slightly damped. During experiments we have observed that 1 and 2 vary between 0.7% and 1.6%, and this variation depends on the excitation signal. In order to compute the coefficients 0 and 1 of the Rayleigh damping, we decided to fix both damping ratios 1 and 2 to 1%, since this value is between 0.7% and 1.6%. These natural frequencies and damping factors allow obtaining parameters 1 = 0.1642 and 2 = 0.0005 using (6), which are employed for computing the variableŝand̂of parameterization (33) .
In order to determine the effectiveness of the cubic spline function in the response reconstruction of the th noninstrumented floor, the following function E is computed, which was previously defined in [19] 
The smaller the value of̃, the better the quality of the model. Since functioñdepends on the integration period of the LIF, it is useful to compute the following terms:
The performance of the high gain state observer is also examined. To this end, functionx( ) in (62), which also depends on , is computed. Shock and Vibration 9 
The better the reconstruction of the state, the smaller the value ofx( ). The following expressions depending on the minimum of functionx( ) are also computed during the experiments
The goal of the experiments presented in the next subsection is to obtain and compare the value of the performance indexes defined above, when the small scale building is instrumented from one to five floors. A comparison of measured and estimated values of the state will also be included. In all the experiments, the value of the observer gain is fixed to = 1000.
Results with Five Instrumented
Floors. This case represents the fully instrumented case, where no cubic splines functions are used, and it is included for comparison purposes. Table 2 shows the values of * , * , . Figure 8 depicts the absolute acceleration typeŝ̈2 and̈4 and the two noninstrumented floors, which are reconstructed by the cubic shape function in the configuration Π It is shown that these responses are close to their nominal value. On the other side, Figure 9 shows the entrieŝ, = 1, 2, . . . , 9, of the estimated vector̂provided by the RLS and corresponding to layout Π 3 1 . Note that parameterŝ, = 1, 2, . . . , 9, converge to a neighborhood around a constant value in approximately 5 s. , is large. Moreover, it is not possible to identify the model of the structure through layouts Π 2 , = 8, 9, 10. 1 was included for comparison purposes to show a degradation in the quality of the displacement reconstruction when using Π 2 1 . In addition, Figure 13 compares the velocitieŝ̇5 obtained using these same distributions. Note that the quality of the reconstruction of̂̇5 is even worse than that of̂5 when using Π Figure 15 presents the other two estimated acceleration typeŝ̈1 and̈5 corresponding to the distribution Π 
Results with Four Instrumented Floors.

Results with Two Instrumented
Results with One Instrumented Floor.
It is not possible to identify the model of the building with all distributions of one instrumented floor, since the reconstructed acceleration responses generate a regressor vector̂, with which the covariance matrices P in (34) and (35) do not exist.
Parameter Estimates Obtained with Two, Three, Four, and Five Instrumented Floors.
Define (Π , * ) as the th distribution of instrumented floors with its corresponding integration period * of the LIF that produces * . Table 6 presents the estimated parameterŝ, = 1, 2, . . . , 9, by the proposed technique with (Π the floor masses identified with layouts (Π 3 1 , * ) and (Π 4 1 , * ) have an error less than 18% and 8%, respectively.
Summary of Experimental Results and Discussion.
By comparing the results shown in Sections 7.1-7.6, the following points are concluded:
(i) The term * = 1/ * tends to decrease as the number of instrumented floors is reduced. Based on this fact and in our experience, the parameter should be selected so that = 2 / takes a value within the interval ∈ [1.8 max √ / , 2.8 max √ / ], where max is the maximum natural frequency of the structure.
(ii) Parameter ∘ does not depend on the number of instrumented floors. During experiments, term (iii) The quality of the estimated model mainly depends on the sensor location over the structure. When the building is instrumented at regular intervals over its height, then usually (1) the cubic spline shape function yields good results in the reconstruction of the unknown responses and (2) the parameter and state estimators have good performance.
(iv) In distributions of sensors that are not uniform along the building height, the cubic spline function produces responses with large errors, and therefore the quality of the estimated model is not guaranteed. In some cases, it is not even possible to identify the model and state of the structure using those responses.
(v) As expected, increasing the number of instrumented floors allows decreasing the error of the responses computed by the cubic spline function. This occurs with an increase in the cost of instrumentation. According to our experience, when the ratio / is around 0.4-0.6, good results in terms of the performance indexes̃( ) andx( ) and the reproduction of displacements and velocities can be obtained. Values of / smaller than 0.4 may yield numerical problems, as shown in the experimental results for the case of one instrumented floor.
Remark 5. The methods described in [1, 3, [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] report good results in the parameter estimation of buildings with ratios / up to 0.5, 0.33, 0.5, 0.43, 0.5, 0.33, 0.25, 0.5, 0.18, 0.5, 0.5, and 0.5, respectively. Note that the ratio / = 0.5 is the most common among them. Moreover, all of these methods operate offline with exception of the techniques presented in [3, 6] , and most of them require transforming the building model from continuous one to its discrete time counterpart. Although the ratio / = 0.4, corresponding to the proposed method, is larger than the ratios / obtained with the offline techniques described in [9, 10, 12] , the proposed technique can be implemented online and can detect parameter changes produced by an anomaly in the structure due to a weak component or failure of elements. Moreover, unlike the methodology in [3] , the proposed method does not need measurements of displacements and velocities of the floors, which are more difficult to obtain than floor acceleration measurements.
Conclusions
This paper presented a parameter estimation method and a high gain state observer that, respectively, identify the model and state of a shear building using acceleration measurements from only few floor levels and the responses at noninstrumented floors, which are computed through spline cubic shape functions. The building model, obtained by the LS parameter estimation method, is employed by the state observer. The performance of both the observer and the identification method was verified in a five-story experimental structure using one, two, three, four, and five instrumented floors. The experimental results give the following conclusions: (1) it is not possible to estimate the model and state of the structure with only one instrumented floor; Substituting̈(0) = 0 and̈( ) = 0, given in Table 1 , into (A.7) yields
Substituting 0 = 0 into (A.4) and using (A.3) lead to
Expressions (A.6), (A.9), and (A.10) can be rewritten in matrix form as follows:
. 
where the inverse matrix S −1 exists, since S is a diagonally dominant matrix. Once matrix D is obtained, the parameters { } 
B. Cubic Spline Shape Function Deduced When the Response at ℎ= Is Not Available
In this case the building is divided into + 1 subintervals, as shown in Figure 1(b) , where the subinterval Δℎ is given by
The absolute acceleration at height ℎ within the th subinterval is computed with (A.1), where = 0, 1, 2, . . . , .
Since the cubic polynomials corresponding to the subintervals Δℎ −1 and Δℎ have the same spatial derivative at ℎ = ℎ , the next equality is obtained [34] :
Moreover, the cubic spline function has the following second and third derivatives with respect to ℎ at the boundary :̈(
Substituting the boundary conditions̈( ) =̈( ) = 0, given in Table 1 Moreover, the boundary condition̈(0) = 0 in Table 1 produces expression (A.10). Coefficients { } =0 are computed by solving the set of equations (A.6), (A.10), and (B.5). Subsequently, the parameters { } =0 and { } =0 are obtained using (A.4), (B.2) and (A.5), (B.6), respectively.
C. Proof of Proposition 4
Proof. Substituting the gain L = [O n×n − I n×n ] into term (Â − LD) of (47) produceṡ
where matricesÂ andD are defined in (36) and (45), respectively. Using expressioñ( ) in (46) permits writing the homogeneous part of (C.1) as follows:ẍ
Using these definitions, it is possible to write (C.3) as
Modal analysis allows expressing (C.5) as the following uncoupled differential equations: 6) where ( ) denotes modal coordinate, and parameterŝ•,
• , and̂• are estimates of the modal mass, damping, and stiffness, which are defined as
where = 1, 2, . . . , ; variable i is the natural mode vector corresponding to the th natural frequencŷ(40) of the estimated building model; i.e., Therefore, point (2) of Proposition 4 has been proved. In order to prove point (1)(c), the solution of (48) is used, which is given bŷ where ‖ ⋅ ‖ = ‖ ⋅ ‖ is the induced matrix norm, and can be 1, 2, or ∞.
The following inequality follows from (C.21): 
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